In this paper we develop and implement a nonlinear model based procedure for estimation of rigid body motion via an indirect measurement of an elastic appendage. We demonstrate the procedure by motion analysis of a compound planar pendulum from indirect optoelectronic measurements of markers attached to an elastic appendage that is restrained to slide along the rigid-body length. We implement a Lagrangian approach to derive a theoretical nonlinear model that consistently incorporates the generalized forces acting on the system. Identification of the governing linear and nonlinear system parameters is obtained by analysis of frequency and damping backbone curves obtained from controlled experiments of the decoupled system elements. Comparison of an independently measured rotation angle to that obtained by the model-based estimation procedure enables evaluation of the procedure accuracy and its advantages over standard noninvasive methods.
INTRODUCTION
The World Health Organization estimates that several hundred million people already suffer from bone and joint diseases, with dramatic increases expected due to a doubling in the number of people over 50 years of age by 2020. There are nearly 70 million Americans (one in four) suffering from arthritis and related conditions, and that number is expected to climb as baby boomers age.
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In accordance with this phenomenon, quantitative analysis of human movement has been recognized to be of great significance in both biomechanical and clinical studies. Knowledge of the in-vivo movement of the joint is necessary for understanding its normal functionality as well as addressing and recognizing clinical abnormalities. The most frequently used method for measurement of human locomotion involves placing markers on the skin of the analyzed segment [1] . Once markers are placed, an optoelectronic system composed of several high-frequency infra-red cameras can be employed to capture their location in space and time. However, estimation of the skeletal motion from the observed skin attached markers is significantly affected by the elasticity and nonlinear soft tissue deformation. This deformation results in erroneous calculation of the joint kinematics parameters [1] [2] [3] [4] [5] [6] [7] (e.g. joint center, axis of rotation). Furthermore, because of its nature, the soft tissue response has a frequency content similar to that of the actual bone movement. Therefore, unlike instrument error, it is hard to deduce the bone motion by means of frequency based filtering technique [3, 8] . Consequently, skin motion is currently considered to be the primary source of error in evaluation of skeletal motion by noninvasive techniques [1-3, 9-11] . To improve the accuracy of estimated bone motion, the development of methods for soft tissue artifact compensation is necessary. Several methods, both physical and numerical, have been proposed in the literature. Several of these methods are based on a least squares optimization of the marker cluster position and its orientation [1, 7, [11] [12] [13] . While these methods have shown initial promise, they remain to be independently verified relative to bone kinematics. Another type of method is based on a non-linear state-space estimation using an extended Kalman filter [4, 14] . However this method still lacks general validation and does not take into account any mechanical (e.g. range of motion), or pathological (e.g. lost of degree of freedom) characteristics. The purpose of this paper is to present a model based estimation procedure that yields the required rigid-body motion from the calibrated nonlinear response of an elastic element. The procedure is demonstrated by motion analysis of a compound planar pendulum from indirect optoelectronic measurements of markers attached to an elastic appendage that is restrained to slide along the pendulum. A Lagrangian approach was implemented to derive a theoretical nonlinear model that consistently incorporates the generalized forces acting on the system. Identification of the governing linear and nonlinear system parameters is obtained by analysis of the frequency and damping backbone curves obtained from experiments of the coupled and decoupled systems.
Comparison of a measured rotation angle to that obtained by the model-based estimation procedure enables evaluation of the procedure accuracy and its advantages over standard noninvasive methods.
EXPERIMANTAL ANALYSIS Experimental Setup
The experimental system consists of a planar pendulum on which an elastic appendage is restrained to slide along (Fig.  1a, c) . The pendulum is mounted on a fixed base via a shaft and a bearing. The shaft is free to rotate and is connected to the bearing via encoder via a coupler (Fig. 1b) . Two markers (reflectors) are attached, one to the rigid pendulum and the other to the sliding mass. During experiments, the pendulum was oscillating freely about the fixed base while the position of the two markers was measured using a Vicon Motion Capture System (Mx13) [14] . The Vicon Motion system is considered one of the gold standard system for biomechanics study and measurements. The reported capture system error [15] is 0.1pixels which is equivalent to 0.1-0.2mm (in 3D), based on dynamic calibration.
Free Vibration Decay
In this section we present results of both calibration test and an example of a coupled response. We first calibrate the rigid body with a fixed mass for identification of nonlinear drag. Fig. 2a describes free vibration decay of a rigid body. Fig. 2b ,c depicts the frequency and damping backbone curves, respectively. The frequency backbone is obtained by plotting the instantaneous maximal (minimal) amplitudes ( max/ min A ) vs. their corresponding maximal (minimal) frequencies ( max/ min F ). We note that the maximal (minimal) frequency is obtained by the harmonic mean of the three opposite consecutive instantaneous periods:
The damping backbone curve is obtained by the following equation deduced by a harmonic balance procedure [16, 18] : Note that the frequency backbone is softening and yields a damped natural frequency of 0.763. The damping backbone curve reveals a linear component greater than 0.001
The slider mass vibration on a horizontal rigid body is used to identify its stiffness and damping. Fig. 3a ,b&c depicts free vibration decay, frequency and damping backbone curves, respectively. Note that the frequency backbone curve yields a damped natural frequency of 4.63 Hz and that the damping backbone curve reveals both linear and dry friction components. The latter is evident by the almost linear decay rate in Fig.3a and by the hyperbolic relationship between amplitude and damping in Fig.  3c . The coupled rigid body and slider free vibration decay are depicted in Fig 4,5 Note that the rigid body decay appears similar to the calibration in Fig.2 . However, the coupled slider decay in Fig.5 is more complex than that in Fig.3 3. THEORETICAL ANALYSIS 3.1. The Dynamical System A Lagrangian approach [17] was implemented to deduce a theoretical model for the dynamical system of Fig.1 . We define the elongation (r(t)) and angle ( (t) θ ) as two generalized coordinates. The kinetic and potential energies of the dynamical system are: 
Where r c , c θ , 
Where k is a combined elastic stiffness, i.e. note that for negligible rigid body mass (M), the undamped dynamical system in Eq. (5), is reduced to the standard equations for an elastic pendulum [17] .
Next, we normalize the system in Eq. (5) The resulting nondimensional equations of motion are: (6) [ ] Where the nondimensional system parameters are: 
Note that the mass parameters ( , α β ) are less than unity, the gravity parameter ( γ ) is greater than unity and the damping parameters ( 1, 2 , , δ η µ ) are less than unity. Furthermore, we would like to point out that selection of the system rigid body and slider masses completely defines both mass parameters so that they consist of an independent design parameter. Thus, this scaling enables reduction of the original dynamical system parameter space in Eq. (5) 
A Nonresonant Equivalent Pendulum Equation
An equivalent pendulum equation is readily deduced for nonresonant ( q p θ ω ≠ ⋅ ω ) conditions where the elastic frequency is much larger than that of the pendulum ( q p θ ω > ⋅ ω ). We also assume that the slider damping is negligible for finite angular displacement. Thus, as the elastic force is much larger than its corresponding inertia, an equivalent kinematic relationship is obtained for the elongation as a function of angular velocity and displacement: The system total moment of inertia was identified based on the dynamical system in Eq. (9) and frequency response backbone curve as
The pendulum nonlinear damping parameter was identified using an equivalent formula [16] :
, A θ ξ were obtained from the damping response backbone curve (Fig 2) . The linear damping parameter of the coupled system Eq. The linear damping parameter ii) Nonresonant equivalent pendulum equation
The proposed nonresonant model can estimate the pendulum angle ( Fig. 8) but cannot reproduce the slider vibration as Eq. (9) does not include any damping components. (2), (c) nonresonant equivalent model Note that the magnitude of error levels in Fig.9 reveals that the proposed method is effective in estimating the rigid body position from an indirect measurement of the elastic appendage.
A maximum error of 1.5% was obtained in both the coupled model without Coulomb friction and in the nonresonant model. The model with both linear damping and Coulomb friction reveals of a maximum error of 1.2% (Fig. 9a) . 
CLOSING REMARKS
In this paper we have derived a nonlinear procedure for model based estimation of rigid-body motion via an indirect measurement of an elastic appendage. This model is a first step towards development of a method that will enable estimation of biomechanical measurements of bone and joint motion, based on surface markers placed on the skin. The procedure was demonstrated by motion analysis of a compound planar pendulum from indirect optoelectronic measurements of markers attached to an elastic appendage that is restrained to slide along the rigid -body length. Results indicate a 1.2% error between measured motion and estimated motion of the pendulum resulting from the indirect optoelectronic measurements of the elastic appendage.
Future research will incorporate nonlinear hyperelastic polymer springs which better represent skin deformation
